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LINEAR CODES WITH TWO OR THREE WEIGHTS FROM
SOME FUNCTIONS WITH LOW WALSH SPECTRUM IN ODD
CHARACTERISTIC
GUANGKUI XU AND XIWANG CAO
Abstract. Linear codes with few weights have applications in authentication
codes, secrete sharing schemes, association schemes, consumer electronics and
data storage system. In this paper, several classes of linear codes with two
or three weights are obtained from some functions with low Walsh spectrum
in odd characteristic. Numerical results show that some of the linear codes
obtained are optimal or almost optimal in the sense that they meet certain
bounds on linear codes.
1. Introduction
Let p be a prime and q = pm for some positive integer m. Let Fq denote the
finite field with q elements and F∗q = Fq \ {0}. An [n, κ, d] linear code C is a κ-
dimension linear subspace of Fnp with minimum nonzero Hamming weight d. Let
Ai be the number of codewords with the Hamming weight i in the code C of length
n. The weight enumerator of C is defined by
1 +A1z +A2z
2 + · · ·+Anzn.
The sequence (1, A1, A2, · · · , An) is called the weight distribution of the code C. It
is well known that the error correcting capabilities of a linear code depend on the
minimum weight of the code. If more is known about the weight distribution of a
code we can provide information about the error probability of error detection and
correction with respect to some error detection and error correction algorithms. In
general, it is difficult to determine the weight distribution of a given linear code C.
A linear code C is called a t-weight code if the number of nonzero Ai in the sequence
(1, A1, A2, · · · , An) is equal to t. An [n, κ, d] linear code C is called optimal if its
parameters n, κ and d meet a bound on linear codes [25, Chapter 2]. An [n, κ, d]
linear code C is called almost optimal if [n, κ, d+ 1] meets a bound on linear codes
[25, Chapter 2].
Linear codes with a few weights have applications have applications in secret
sharing [1, 5, 35], authentication codes [14], association schemes [2], and strongly
regular graphs [3]. Some interesting two-weight and three-weight codes can be
found in [10, 13, 18, 19, 22, 29, 36] and [39].
Let k be a divisor of m. The trace map from Fpm onto its subfield Fpk is defined
as
Trnk (x) = x+ x
pk + xp
2k
+ · · ·+ xpn−k .
Key words and phrases. Plateaued functions, linear codes, Walsh spectrum, weight
distribution.
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The absolute trace map (i.e., for k=1) is simply denoted by Tr(x) =
n−1∑
i=0
xp
i
.
For a prime p, let f be a function from Fpm to Fp. The Walsh transform of f is
defined by
χ̂f (a) =
∑
x∈Fpm
ωf(x)−Tr(ax)p , a ∈ Fpm ,
where ωp = e
2pi
√−1/p is a primitive p-th root of unity. The values χ̂f (a), a ∈ Fpn
are called the Walsh coefficients of f . The Walsh spectrum of f is the multiset
{χ̂f(a), a ∈ Fpm}.
Walsh transform is a basic tool to investigate the properties of cryptography
functions. The functions with low Walsh spectrum have received a lot of attention
in the literature on cryptography, coding theory, communication, sequence design
and graph theory. A function f from Fpm to Fp is bent if |χ̂f (a)| = pm/2 for all
a ∈ Fpm . A p-ary bent function f(x) is called regular if χ̂f (a) = pm/2ωf
∗(a)
p for
any a ∈ Fpm , where the function f∗(x) is called the dual of f(x). A bent function
f(x) is called weakly regular if there is a complex µ with unit magnitude such that
χ̂f (a) = p
m/2µω
f∗(a)
p . For an integer 0 ≤ l ≤ m, if |χ̂f (a)| ∈ {0, pm+l2 } for all
a ∈ Fpm , then we call f l-plateaued. Plateaued functions were introduced by Zheng
and Zhang as good candidates for designing cryptographic functions since they
possess desirable various cryptographic characteristics [37]. It should be noted that
binary l-plateaued functions exist only when m and l have the same parity. For l ∈
{0, 1, 2}, l-plateaued functions have been actively studied and have attractive much
attention due to their cryptographic, algebraic, and combinatorial properties. The
case l = 0 corresponds to bent functions by definition. For 1-plateaued functions the
term near-bent function is common (see [8]), binary 1-plateaued and 2-plateaued
functions are referred to as semi-bent functions in [30]. For more details on bent
and l-plateaued functions, see [4, 6, 7, 9, 24, 26, 27, 31] and [38].
For a subset D = {d1, d2, · · · , dn} of Fq, we can define a linear code CD of length
n over Fp by
CD = {ca = (Tr(ad1),Tr(ad2), · · · ,Tr(adn)) | a ∈ Fq},(1.1)
and call D the defining set of this code CD.
This construction technique can generate many classes of known codes with a few
weights by selecting the suitable defining set D [14, 15, 16, 23] and [33]. In [17], a
different method of constructing linear codes using specific classes of 2-designs was
studied, and linear codes with a few weights were constructed from almost difference
sets, difference sets, and a type of 2-designs associated to semi-bent functions. In
[20], a class of binary three-weight linear codes was constructed by using the Weil
sum
∑
x∈F2m (−1)Tr(ax
2h+1+bx). Recently, several classes of p-ary linear codes with
two or three weights have been obtained from some p-ary bent functions in [21, 32]
and [40].
Based on the above mentioned work, this paper makes further endeavors to
construct two or three-weight linear codes by selecting the defining set D ⊆ Fq.
First, a class of ternary linear codes with two weights is constructed from the
preimage of a class of ternary monomials with four-valuedWalsh transform. Second,
two class of ternary three-weight linear codes are obtained from a class of quadratic
ternary near-bent and 2-plateaued functions. Moreover, the weight distributions of
these ternary linear codes are completely determined. Numerical results show that
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the proposed class contains some optimal or almost optimal linear codes. Third, by
analyzing the values of some Weil sum, a class of p-ary three-weight linear codes is
constructed.
The organization of this paper is as follows. In Section 2, a class of ternary
two-weight linear codes and two classes of ternary three-weight linear codes are
provided. In Section 3, a class of p-ary three-weight linear codes are obtained by
using some Weil sum. Conclusions are finally drawn in Section 4 .
2. Ternary linear codes with two or three weights from some
ternary functions with low Walsh spectrum
In [32] and [40], the authors provided several classes of p-ary linear codes with
two or three weights from bent functions over the finite field Fp, where p is an odd
prime. In this section, we construct several classes of ternary linear codes with two
or three weights from some ternary functions with low Walsh spectrum.
Let f(x) be a ternary function from F3m to F3 with f(−x) = f(x) and f(0) = 0.
In this section, the defining set Db of the ternary code CDb is given by
Db = {x ∈ F∗3m : f(x) = b}.(2.1)
where b ∈ F3. Denote nb = |Db|. Clearly, the length n of the code CDb is equal to
nb. We compute
nb =
1
3
∑
x∈F∗
3m
∑
y∈F3
ω
y(f(x)−b)
3
=
1
3
∑
x∈F∗
3m
(1 + ω−b3 ω
f(x)
3 + ω
b
3ω
−f(x)
3 )
=
{
3m−1 − 1 + 13 (χ̂f (0) + χ̂f (0)) if b = 0,
3m−1 + 13 (ω
−b
3 χ̂f (0) + ω
b
3χ̂f (0)) if b 6= 0.
(2.2)
Note that the Hamming weight wt(ca) of ca is nb −Na, where
Na = |{x ∈ F∗3m : f(x) = b and Tr(ax) = 0}|
for each a ∈ F∗3m . We have
Na =
1
9
∑
x∈F∗
3m
(
∑
y∈F3
ω
y(f(x)−b)
3 )(
∑
z∈F3
ω
zTr(ax)
3 )
=
1
9
∑
x∈F∗
3m
(1 + ω−b3 ω
f(x)
3 + ω
b
3ω
−f(x)
3 )(1 + ω
Tr(ax)
3 + ω
−Tr(ax)
3 )
=
1
9
(3m − 3− 3(ω−b3 + ωb3)) +
1
9
(ω−b3 χ̂f (0) + ω
b
3χ̂f (0) + 2(ω
−b
3 χ̂f (a) + ω
b
3χ̂f (a)))
=
{
3m−2 − 1 + 19 (χ̂f (0) + χ̂f (0) + 2(χ̂f (a) + χ̂f (a))) if b = 0,
3m−2 + 19 (ω
−b
3 χ̂f (0) + ω
b
3χ̂f (0) + 2(ω
−b
3 χ̂f (a) + ω
b
3χ̂f (a))) if b 6= 0.
(2.3)
where the third identity holds because f(−x) = f(x).
In general, it is difficult to determine the Walsh coefficients of a ternary function.
When the ternary function f is selected properly, the code CDb may have only a few
weights and have good parameters. We shall demonstrate this in the remainder of
this section.
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2.1. A class of ternary linear codes with two weights. Let m = 2k and k is a
positive integer with gcd(k, 3) = 1. In [28], Li and Yue studied the Walsh transform
of the monomial function
f(x) = Tr(λx
3m−1
4 )(2.4)
for λ ∈ F∗3m and determined the value distribution of the Walsh transform of f(x)
in terms of the Gauss periods. In this subsection, we shall present a class ternary
linear codes with two weights whose the defining set is the preimage f−1(b) for each
b ∈ F3.
First we recall some results obtained in [28, Theorems 3.3 (1) and 3.4 (1)].
Lemma 2.1. Let m = 2k and k is a positive integer with gcd(k, 3) = 1. Let
λ ∈ F∗3m such that Trm2 (λ) is a square in F∗9.
(i): If k is an even integer, then χ̂f (0) =
3m+3
4 and the value distribution of
the Walsh transform of f(x) = Tr(λx
3m−1
4 ) is given as follows:
χ̂f (a) =

3m+3
4 occurs 1 times,
−3k + 3k+34 occurs 3
m−1
2 times,
−3kω3 + 3k+34 occurs 3
m−1
4 times,
−3kω23 + 3
k+3
4 occurs
3m−1
4 times.
(ii): If k is an odd integer, then χ̂f (0) =
3m+3
4 and the value distribution of
the Walsh transform of f(x) = Tr(λx
3m−1
4 ) is given as follows:
χ̂f (a) =

3m+3
4 occurs 1 times,
3k − 3k−34 occurs 3
m−1
2 times,
3kω3 − 3k−34 occurs 3
m−1
4 times,
3kω23 − 3
k−3
4 occurs
3m−1
4 times.
The main results of this subsection are described in the following two theorems.
Theorem 2.2. Let m = 2k and k is an even positive integer with gcd(k, 3) = 1.
Let λ ∈ F∗3m such that Trm2 (λ) is a square in F∗9. Let f be defined as in (2.4) and
Db be defined as in (2.1).
(i): If b = 0, then CDb is a [ 3
m−1
2 ,m] ternary two-weight code with the weight
distribution in Table 1.
(ii): If b 6= 0, then CDb is a [ 3
m−1
4 ,m] ternary two-weight code with the weight
distribution in Table 2.
Table 1. The weight distribution of the codes of Theorem 2.2(i)
and Theorem 2.3(i)
Weight w Multiplicity Aw
0 1
3m−1 − 3k−1 3m−12
3m−1 + 3k−1 3
m−1
2
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Table 2. The weight distribution of the codes of Theorem 2.2(ii)
Weight w Multiplicity Aw
0 1
3m−1−3k−1
2
3m+1−3
4
3m−1+3k
2
3m−1
4
Proof. (i) Note that χ̂f (0) =
3m+3
4 . It follows from (2.2) that
n0 = 3
m−1 − 1 + 1
3
(χ̂f (0) + χ̂f (0)) =
3m − 1
2
.
Thus the length n of the code CD0 is equal to 3
m−1
2 .
According to Lemma 2.1 (i) and (2.3), we have
Na =3
m−2 − 1 + 1
9
(χ̂f (0) + χ̂f (0) + 2(χ̂f (a) + χ̂f (a)))
=3m−2 − 1 + 1
9
(
3m + 3
2
+ 2(χ̂f (a) + χ̂f (a)))
=

3m−1−2·3k−1−1
2 if χ̂f (a) = −3k + 3
k+3
4 ,
3m−1+2·3k−1−1
2 if χ̂f (a) = −3kω3 + 3
k+3
4 ,
3m−1+2·3k−1−1
2 if χ̂f (a) = −3kω23 + 3
k+3
4 .
This implies that
wt(ca) = n0 −Na =

3m−1+3k−1
2 if χ̂f (a) = −3k + 3
k+3
4 ,
3m−1−3k−1
2 if χ̂f (a) = −3kω3 + 3
k+3
4 ,
3m−1−3k−1
2 if χ̂f (a) = −3kω23 + 3
k+3
4 .
It is easy to determine the weight distribution of Table 1 by using the value distri-
bution of the Walsh transform of f(x) = Tr(λx
3m−1
4 ). Since wt(ca) > 0 for each
a ∈ F∗3m , the dimension of this code is m.
(ii) Since the case for b = 2 can be similarly proved as the case for b = 1, hereafter
we only give the proof for b = 1. Note that χ̂f (0) =
3m+3
4 . When b = 1, it follows
from (2.1) that the length n of the code CD1 is given by
n = n1 = 3
m−1 +
1
3
(ω23χ̂f (0) + ω3χ̂f (0)) =
3m − 1
4
.(2.5)
By Lemma 2.1 (i) and (2.3), for any a ∈ F∗3m , we have
Na =3
m−2 +
1
9
(ω23χ̂f (0) + ω3χ̂f (0) + 2(ω
2
3χ̂f(a) + ω3χ̂f (a)))
=3m−2 +
1
9
(−3
m + 3
4
+ 2(ω23χ̂f (a) + ω3χ̂f (a)))
=

3m−1+2·3k−1−1
4 if χ̂f (a) = −3k + 3
k+3
4 ,
3m−1−2·3k−1
4 if χ̂f (a) = −3kω3 + 3
k+3
4 ,
3m−1+2·3k−1−1
4 if χ̂f (a) = −3kω23 + 3
k+3
4 .
(2.6)
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Hence, it follows from (2.5) and (2.6) that
wt(ca) = n1 −Na =

3m−1−3k−1
2 if χ̂f (a) = −3k + 3
k+3
4 ,
3m−1+3k
2 if χ̂f (a) = −3kω3 + 3
k+3
4 ,
3m−1−3k−1
2 if χ̂f (a) = −3kω23 + 3
k+3
4 .
Applying the value distribution of the Walsh transform of f(x) = Tr(λx
3m−1
4 ) in
Lemma 2.1 (i) gives the desired weight distribution. It is easily seen that the
dimension of the code is m, as wt(ca) > 0 for each a ∈ F∗3m . This completes the
proof. 
The following theorem deals with the case for odd k. Its proof is similar to that
of Theorem 2.2 and is omitted.
Theorem 2.3. Let m = 2k and k is an odd positive integer with gcd(k, 3) = 1. Let
λ ∈ F∗3m such that Trm2 (λ) is a square in F∗9. Let f be defined as in (2.4) and Db
be defined as in (2.1).
(i): If b = 0, then CDb is a [ 3
m−1
2 ,m] ternary two-weight code with the weight
distribution in Table 1.
(ii): If b 6= 0, then CDb is a [ 3
m−1
4 ,m] ternary two-weight code with the weight
distribution in Table 3.
Table 3. The weight distribution of the codes of Theorem 2.3(ii)
Weight w Multiplicity Aw
0 1
3m−1+3k−1
2
3m+1−3
4
3m−1−3k
2
3m−1
4
Example 2.4. Let m = 4, k = 2, and f(x) = Tr(x20).
(i): The code CD0 in Theorem 2.2 (i) has parameters [40, 4, 24] and weight
enumerator 1 + 40z24 + 40z30. The best linear code of length 40 and di-
mension 4 over F3 has minimum weight 27.
(ii): The code CD1 in Theorem 2.2 (ii) has parameters [20, 4, 12] and weight
enumerator 1 + 60z12 + 20z18. This code is optimal due to the Griesmer
bound.
Example 2.5. Let m = 10, k = 5, and f(x) = Tr(x14762).
(i): The code CD0 in Theorem 2.3 (i) has parameters [29524, 10, 19602] and
weight enumerator 1 + 29524z19602 + 29524z19764.
(ii): The code CD1 in Theorem 2.3 (ii) has parameters [14762, 10, 9720] and
weight enumerator 1 + 14762z9720 + 44286z9882.
2.2. Two class of ternary linear codes with three weights. Below, we shall
select some proper ternary plateaued functions to construct ternary linear codes
CD0 with three weights, where D0 is defined as in (2.1). The following lemma was
proved in [34, Theorem 2].
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Lemma 2.6. Let m be a positive integer with m > 3 and λ, u, v ∈ F∗3m . The
ternary function f is defined as
f(x) = Tr(λx2) + Tr(ux)Tr(vx).(2.7)
(i): If Tr(uvλ ) = 2, Tr(
u2
λ ) = 1 and Tr(
v2
λ ) = 1, then f(x) is near-bent.
Moreover, for a ∈ F3m ,
χ̂f (a) =

η(λ)(−1)mim+13m+12 ω−Tr(
a2
λ
)
3 if (Tr(
au
λ )Tr(
av
λ )) = (0, 0),
η(λ)(−1)mim+13m+12 ω−Tr(
a2
λ
)+1
3 if (Tr(
au
λ ),Tr(
av
λ )) = (1, 1) or (2, 2),
0 otherwise,
(2.8)
where i =
√−1 and η is the quadratic character of F3n .
(ii): If If Tr(uvλ ) = 1, Tr(
u2
λ ) = 0 and Tr(
v2
λ ) = 0, then f(x) is a 2-plateaued
function. Moreover, for a ∈ F3m ,
χ̂f (a) =
{
η(λ)(−1)m−1im3m2 +1ω−Tr(
a2
λ
)
3 if (Tr(
au
λ ),Tr(
av
λ )) = (0, 0),
0 otherwise.
(2.9)
Two classes of ternary linear codes CD0 with three weights can be presented in
the following two theorems.
Theorem 2.7. Let m be a positive integer with m > 3 and λ ∈ F∗3m . Let u, v ∈ F∗3m
such that Tr(λ−1uv) = 2, Tr(λ−1u2) = 1, Tr(λ−1v2) = 1. Let f be defined as in
(2.7) and D0 be defined as in (2.1).
(i): If m is even, then CD0 is a [3m−1 − 1,m] three-weight ternary code with
the weight distribution in Table 4.
(ii): If m is odd, then CD0 is a [3m−1+2εη(λ)3
m−1
2 −1,m] three-weight ternary
code with the weight distribution in Table 5, where ε = 1 if m ≡ 1 (mod 4)
and ε = −1 if m ≡ 3 (mod 4).
Table 4. The weight distribution of the codes of Theorem 2.7(i)
Weight w Multiplicity Aw
0 1
2 · 3m−2 − 2η(λ)3m2 −1 3m−2 + η(λ)3m2 −1
2 · 3m−2 3m − 1− 2 · 3m−2
2 · 3m−2 + 2η(λ)3m2 −1 3m−2 − η(λ)3m2 −1
Table 5. The weight distribution of the codes of Theorem 2.7(ii)
Weight w Multiplicity Aw
0 1
2 · 3m−2 + 4εη(λ)3m−32 2 · 3m−1
2 · 3m−2 3m−2 + 2εη(λ)3m−32 − 1
2 · 3m−2 + 6εη(λ)3m−32 2 · 3m−2 − 2εη(λ)3m−32
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Proof. (i) Note that Tr(λ−1uv) = 2, Tr(λ−1u2) = 1 and Tr(λ−1v2) = 1. By
Lemma 2.6 (i), we have χ̂f (0) + χ̂f (0) = 0 as m is even. It follows from (2.2) that
n0 = 3
m−1 − 1. Hence, the length n of the code CD0 is equal to n0 = 3m−1 − 1.
For a ∈ F∗3m , to calculate Na, we need to calculate χ̂f (a) + χ̂f (a) from (2.3).
If m ≡ 0 (mod 4), then im+1 = i. We evaluate χ̂f (a) + χ̂f (a) by distinguishing
the following three cases.
When (Tr(auλ ),Tr(
av
λ )) = (0, 0), it follows from (2.8) that
χ̂f (a) + χ̂f (a) =

0 if Tr(a
2
λ ) = 0,
η(λ)3
m+1
2 if Tr(a
2
λ ) = 1,
−η(λ)3m+12 if Tr(a2λ ) = 2.
When (Tr(auλ ),Tr(
av
λ )) = (1, 1) or (2, 2), it follows from (2.8) that
χ̂f (a) + χ̂f (a) =

−η(λ)3m+12 if Tr(a2λ ) = 0,
η(λ)3
m+1
2 if Tr(a
2
λ ) = 1,
0 if Tr(a
2
λ ) = 2.
When (Tr(auλ ),Tr(
av
λ )) ∈ F23 \ {(0, 0), (1, 1), (2, 2)}
χ̂f (a) + χ̂f (a) = 0.
It then follows from (2.3) with b = 0 that
Na ∈ {3m−2 − 1, 3m−2 − 2η(λ)3
m−2
2 − 1, 3m−2 + 2η(λ)3m−22 − 1}.
Hence, the Hamming weight wt(ca) of ca satisfies
wt(ca) = n0 −Na ∈ {2 · 3m−2 − 2η(λ)3
m−2
2 , 2 · 3m−2, 2 · 3m−2 + 2η(λ)3m−22 }.
This implies that the code CD0 has three weights in the set above.
If m ≡ 2 (mod 4), then im+1 = −i. Similar as the proof above, we obtain
wt(ca) = n0 −Na ∈ {2 · 3m−2 − 2η(λ)3
m−2
2 , 2 · 3m−2, 2 · 3m−2 + 2η(λ)3m−22 }.
for any a ∈ F∗3m . Note that f(−x) = 0 if f(x) = 0. This together 0 /∈ D0 implies
that the minimum distance of C⊥D0 is equal to 2. It is easy to see that the number
A⊥2 of codewords with weight 2 in C⊥D0 is n. By solving the first three Pless Power
Moments gives the desired weight distribution. Since m > 3, wt(ca) > 0 for any
a ∈ F∗3m . Hence, the dimension of CD0 is m.
(ii) The proof of (ii) is similar to that of (i) and is omitted. 
Example 2.8. Let m = 4. Let λ = 1, u = −1 and v = 1. Then the function defined
by (2.7) is f(x) = Tr(x2) − Tr(x)2. Then the code CD0 in Theorem 2.7 (i) has
parameters [26, 4, 12] and weight enumerator 1 + 12z12 + 62z18 + 6z24.
Example 2.9. Let m = 5. Let λ = −1, u = −1 and v = 1. Then the function
defined by (2.7) is f(x) = Tr(−x2)− Tr(x)2 and the code CD0 in Theorem 2.7 (ii)
has parameters [62, 5, 36] and weight enumerator 1 + 60z36+162z42+ 20z54, while
the optimal ternary code has parameters [62, 5, 39].
Theorem 2.10. Let m be a positive integer with m > 4 and λ ∈ F∗3m . Let u, v ∈
F
∗
3m such that Tr(λ
−1uv) = 1, Tr(λ−1u2) = 0, Tr(λ−1v2) = 0. Let D0 be defined
as in (2.1) and f be defined as in (2.7).
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(i): If m is even, then CD0 is a [3m−1−2εη(λ)3
m
2 −1,m] three-weight ternary
code with the weight distribution in Table 6, where ε = 1 if m ≡ 0 (mod 4)
and ε = −1 if m ≡ 2 (mod 4).
(ii): If m is odd, then CD0 is a [3m−1 − 1,m] three-weight ternary code with
the weight distribution in Table 7.
Table 6. The weight distribution of the codes of Theorem 2.10(i)
Weight w Multiplicity Aw
0 1
2 · 3m−2 − 4εη(λ)3m2 −1 3m − 3m−2
2 · 3m−2 3m−3 − 2εη(λ)3m2 −2 − 1
2 · 3m−2 − 6εη(λ)3m2 −1 2 · 3m−3 + 2εη(λ)3m2 −2
Table 7. The weight distribution of the codes of Theorem 2.10(ii)
Weight w Multiplicity Aw
0 1
2 · 3m−2 − 2η(λ)3m+12 −1 3m−3 + η(λ)3m−32
2 · 3m−2 3m − 2 · 3m−3 − 1
2 · 3m−2 + 2η(λ)3m+12 −1 3m−3 − η(λ)3m−32
Proof. We just omit the proof here since it is similar to that of Theorem 2.7. 
Remark 2.11. It should be noted that if λ is a nonsquare in F∗34 , the first conclusion
in Theorem 2.10 is also true when m = 4.
Example 2.12. Let m = 4 and let α be the generator of F∗34 with α
4 − α3 − 1 = 0.
Let λ = α, u = α16 and v = α8. Then the function defined by (2.7) is f(x) =
Tr(αx2) + Tr(α16x)Tr(α8x) and the code CD0 in Theorem 2.10 (i) has parameters
[44, 4, 18] and weight enumerator 1 + 4z18 + 72z30 + 4z36.
Example 2.13. Let m = 7 and let α be the generator of F∗37 with α
7 +2α2 +1 = 0.
Let λ = α, u = α and v = α17. Then the function defined by (2.7) is f(x) =
Tr(αx2) + Tr(αx)Tr(α17x) and the code CD0 in Theorem 2.10 (ii) has parameters
[728, 7, 432] and weight enumerator 1 + 90z432 + 2024z486 + 72z540.
Recall that f(x) = f(−x). Then the set D0 defined as in (2.1) can be expressed
as
D0 = −D¯ ∪ D¯,(2.10)
where did
−1
j 6= ±1 for every pair of distinct elements di and dj in D¯. Selecting
D¯ as the defining set gives ternary three-weights codes, whose parameters and the
weight distributions are given in the following two corollaries.
Corollary 2.14. Let m be a positive integer with m > 3 and λ ∈ F∗3m . Let
u, v ∈ F∗3m such that Tr(λ−1uv) = 2, Tr(λ−1u2) = 1, Tr(λ−1v2) = 1. Let D¯ be
defined as in (2.10) and f be defined as in (2.7).
(i): If m is even, then CD¯ is a [ 3
m−1−1
2 ,m] three-weight ternary code with the
weight distribution in Table 8.
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(ii): If m is odd, then CD¯ is a [ 3
m−1−1
2 + εη(λ)3
m−1
2 ,m] three-weight ternary
code with the weight distribution in Table 9, where ε = 1 if m ≡ 1 (mod 4)
and ε = −1 if m ≡ 3 (mod 4).
Table 8. The weight distribution of the codes of Corollary 2.14(i)
Weight w Multiplicity Aw
0 1
3m−2 − η(λ)3m2 −1 3m−2 + η(λ)3m2 −1
3m−2 3m − 1− 2 · 3m−2
3m−2 + η(λ)3
m
2
−1 3m−2 − η(λ)3m2 −1
Table 9. The weight distribution of the codes of Corollary 2.14(ii)
Weight w Multiplicity Aw
0 1
3m−2 + 2εη(λ)3
m−3
2 2 · 3m−1
3m−2 3m−2 + 2εη(λ)3
m−3
2 − 1
3m−2 + 3εη(λ)3
m−3
2 2 · 3m−2 − 2εη(λ)3m−32
Example 2.15. Let m = 4. Let λ = 1, u = −1 and v = 1. Then f(x) = Tr(x2) −
Tr(x)2 and the code CD¯ in Corollary 2.14 (i) has parameters [13, 4, 6] and weight
enumerator 1 + 12z6 + 62z9 + 6z12. This code is almost optimal as the optimal
ternary code has parameters [13, 4, 7].
Example 2.16. Let m = 5. Let λ = −1, u = −1 and v = 1. Then f(x) =
Tr(−x2)− Tr(x)2 and the code CD¯ in Corollary 2.14 (ii) has parameters [31, 5, 18]
and weight enumerator 1+60z18+162z21+20z27. This code is optimal due to the
Griesmer bound.
Corollary 2.17. Let m be a positive integer with m > 4 and λ ∈ F∗3m . Let
u, v ∈ F∗3m such that Tr(λ−1uv) = 1, Tr(λ−1u2) = 0, Tr(λ−1v2) = 0. Let D¯ be
defined as in (2.10) and f be defined as in (2.7).
(i): If m is even, then CD¯ is a [ 3
m−1−1
2 − εη(λ)3
m
2 ,m] three-weight ternary
code with the weight distribution in Table 10, where ε = 1 if m ≡ 0 (mod 4)
and ε = −1 if m ≡ 2 (mod 4).
(ii): If m is odd, then CD¯ is a [ 3
m−1−1
2 ,m] three-weight ternary code with the
weight distribution in Table 11.
Table 10. The weight distribution of the codes of Corollary 2.17(i)
Weight w Multiplicity Aw
0 1
3m−2 − 2εη(λ)3m2 −1 3m − 3m−2
3m−2 3m−3 − 2εη(λ)3m2 −2 − 1
3m−2 − 3εη(λ)3m2 −1 2 · 3m−3 + 2εη(λ)3m2 −2
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Table 11. The weight distribution of the codes of Corollary 2.17(ii)
Weight w Multiplicity Aw
0 1
3m−2 − η(λ)3m+12 −1 3m−3 + η(λ)3m−32
3m−2 3m − 2 · 3m−3 − 1
3m−2 + η(λ)3
m+1
2
−1 3m−3 − η(λ)3m−32
Example 2.18. Let m = 4 and let α be the generator of F∗34 with α
4 − α3 − 1 = 0.
Let λ = α, u = α16 and v = α8. Then f(x) = Tr(αx2) + Tr(α16x)Tr(α8x) and
the code CD¯ in Corollary 2.17 (i) has parameters [22, 4, 9] and weight enumerator
1 + 4z9 + 72z15 + 4z18, while the optimal ternary code has parameters [22, 4, 11].
Example 2.19. Let m = 5 and let α be the generator of F∗35 with α
5 − α + 1 = 0.
Let λ = α, u = α and v = α4. Then f(x) = Tr(αx2) + Tr(αx)Tr(α4x) and the
code CD¯ in Corollary 2.17 (ii) has parameters [40, 5, 18] and weight enumerator
1 + 12z18 + 224z27 + 6z36.
3. A class of p-ary three-weight linear codes
Let m and h be positive integers. Denote d = gcd(h,m). For λ, a ∈ Fpm , a Gold
function from Fpm to Fp is defined by
f(x) = Tr(λxp
h+1).
Based on the fact that a quadratic p-ary bent function has full rank, Zhou et al.
[40, Section III.B] have obtained a class of linear codes with two or three weights
by using Gold class of bent functions. In this subsection, following the work of
[40], we shall employ Gold class of plateaued functions whose rank is less than m
to construct p-ary linear codes with three weights. Before dong this, we first recall
several lemmas about the following Weil sum.
Let m and h be positive integers. Denote d = gcd(h,m). For λ, a ∈ Fpm , we
denote by Sh(λ, a) the Weil sum given by
Sh(λ, a) =
∑
x∈Fpm
ωTr(λx
ph+1+ax)
p ,(3.1)
where ωp =
2pi
√−1
p is the complex primitive p-th root of unity.
Lemma 3.1. [11, Theorem 4.1] For m = 2k, the equation λp
h
xp
2h
+ λx = 0 is
solvable for x ∈ F∗pm if and only if md is even and λ
pm−1
pd+1 = (−1) kd .
In [11, 12], Coulter obtained explicit evaluations of the exponential sum (3.1),
which are described in the following lemmas.
For a = 0, the evaluation of the exponential sum (3.1) is given as follows.
Lemma 3.2. [11] Let md be even with m = 2k. Then Sh(λ, 0) = Sh(−λ, 0) and
(3.2) Sh(λ, 0) =
 pk+d if λ
pm−1
pd+1 = (−1) kd and kd is odd,
−pk+d if λ
pm−1
pd+1 = (−1) kd and kd is even.
For a 6= 0, the evaluation of the exponential sum (3.1) is given as follows.
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Lemma 3.3. [12] Let md be even with m = 2k. Assume that g(x) = λ
phxp
2h
+ λx
is not a permutation polynomial over Fpm . Then for a 6= 0 we have Sh(λ, a) = 0
unless the equation g(x) = −aph is solvable. If this equation is solvable, then
Sh(λ, a) = −(−1) kd pk+dω−Tr(λx
ph+1
0
)
p ,(3.3)
where x0 is some solution of the equation g(x) = −aph .
Let md be even with m = 2k and λ ∈ F∗pm such that λ
pm−1
pd+1 = (−1) kd . It
follows from Lemmas 3.2, 3.3 and the definition of plateaued function that f(x) =
Tr(λxp
h+1) is a p-ary 2d-plateaued function if λ
pm−1
pd+1 = (−1) kd . A class of p-ary
three-weight code can be obtained from this function. To this end, we need to prove
the following two lemmas.
Lemma 3.4. Let md be even with m = 2k and λ ∈ F∗pm such that λ
pm−1
pd+1 = (−1) kd .
Then
Sh(λ, 0) = Sh(2λ, 0) = · · · = Sh((p−1)λ, 0) =
 pk+d if λ
pm−1
pd+1 = (−1) kd and kd is odd,
−pk+d if λ
pm−1
pd+1 = (−1) kd and kd is even.
Proof. Since md is even, p − 1|p
m−1
pd+1
. Hence, (cλ)
pm−1
pd+1 = λ
pm−1
pd+1 = (−1) kd for each
c ∈ F∗p. The desired result follows from Lemma 3.2. 
Lemma 3.5. Let md be even with m = 2k and λ ∈ F∗pm such that λ
pm−1
pd+1 = (−1) kd .
For a ∈ F∗pm , we have∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fpm
ωTr(yλx
ph+1+zax)
p ∈ {0,−(−1)
k
d (p− 1)2pk+d, (−1) kd (p− 1)pk+d}.
Proof. Since md is even and λ
pm−1
pd+1 = (−1) kd , the equation λphxp2h + λx = 0 is
solvable for x ∈ F∗pm by Lemma 3.1. For a ∈ F∗pm , we claim that the equation
λp
h
xp
2h
+ λx+ ap
h
= 0 is solvable if and only if the equation (yλ)p
h
xp
2h
+(yλ)x+
(za)p
h
= 0 is solvable for each (y, z) ∈ F∗p × F∗p. Assume that x0 is a solution of
the equation λp
h
xp
2h
+ λx+ ap
h
= 0. Clearly, x0 is also a solution of the equation
y−1zλp
h
xp
2h
+y−1zλx+y−1zap
h
= 0. Then y−1zλp
h
xp
2h
0 +y
−1zλx0+y−1zap
h
= 0,
which can be written as λp
h
(y−1zx0)p
2h
+ λ(y−1zx0) + y−1zap
h
= 0 as y, z ∈
F
∗
p. It then follows that (yλ)
ph (y−1zx0)p
2h
+ (yλ)(y−1zx0) + (za)p
h
= 0. That
is to say, the equation (yλ)p
h
xp
2h
+ (yλ)x + (za)p
h
= 0 has a solution y−1zx0.
Conversely, if x0 is a solution of the equation (yλ)
phxp
2h
+ (yλ)x + (za)p
h
= 0,
then (yλ)p
h
xp
2h
0 + (yλ)x0 + (za)
ph = 0. Note that y, z ∈ F∗p. Hence, we have
λp
h
(z−1yx0)p
2h
+ λ(z−1yx0) + ap
h
= 0. This implies that λp
h
xp
2h
+ λx + ap
h
= 0
has a solution z−1yx0.
If the equation λp
h
xp
2h
+ λx + ap
h
= 0 has no solutions in Fpm , by Lemma 3.3
and the discussions above, then we have∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fpm
ωTr(yλx
ph+1+zax)
p = 0.
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If the equation λp
h
xp
2h
+ λx + ap
h
= 0 has a solution x0 in Fpm , then we know
that (yλ)p
h
xp
2h
+ (yλ)x + (za)p
h
= 0 has a solution y−1zx0 from the discussions
above. It follows from (3.3) that∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fpm
ωTr(yλx
ph+1+zax)
p
= −(−1) kd pk+d
∑
z∈F∗p
∑
y∈F∗p
ω−Tr(yλ(y
−1zx0)
ph+1)
p
= −(−1) kd pk+d
∑
z∈F∗p
∑
y∈F∗p
ω
−y−1z2Tr(λxph+1
0
)
p
=
{
−(−1) kd (p− 1)2pk+d if Tr(λxph+10 ) = 0,
(−1) kd (p− 1)pk+d if Tr(λxph+10 ) 6= 0.
Hence,∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fpm
ωTr(yλx
ph+1+zax)
p ∈ {0,−(−1)
k
d (p− 1)2pk+d, (−1) kd (p− 1)pk+d}.
for each a ∈ F∗pm .

Let h be positive integer 1 ≤ h < k, where m = 2k > 4 is an even integer. Define
D = {x ∈ F∗pm : Tr(λxp
h+1) = 0},(3.4)
where λ ∈ F∗pm .
Our main result of this subsection is the following.
Theorem 3.6. Let h be positive integer 1 ≤ h < k, where m = 2k > 4 is an even
integer. Let D be defined in (3.4), where λ ∈ F∗pm . Define d = gcd(h,m). Assume
that md be even and λ
pm−1
pd+1 = (−1) kd .
(i): If kd is odd, then CD is a [pm−1 + (p − 1)pk+d−1 − 1,m, (p − 1)pm−2]
three-weight code with the weight distribution in Table 12.
(ii): If kd is even, then CD is a [pm−1 − (p − 1)pk+d−1 − 1,m, (p− 1)pm−2 −
p(p− 1)pk+d−2] three-weight code with the weight distribution in Table 13.
Table 12. The weight distribution of the codes of Theorem 3.6(i)
Weight w Multiplicity Aw
0 1
(p− 1)pm−2 (pm−2+pk+d−1)(pm−2−pk+d−2)
pm+2d−3
(p− 1)pm−2 + (p− 1)2pk+d−2 pm − 1− (pm−1+pk+d−1)(pm−2−pk+d−2)pm+2d−3
(p− 1)pm−2 + p(p− 1)pk+d−2 (p−1)pm−2(pm−2−pk+d−2)
pm+2d−3
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Table 13. The weight distribution of the codes of Theorem 3.6(ii)
Weight w Multiplicity Aw
0 1
(p− 1)pm−2 − p(p− 1)pk+d−2 (p−1)pm−2(pm−2+pk+d−2)
pm+2d−3
(p− 1)pm−2 − (p− 1)2pk+d−2 pm − 1− (pm−1−pk+d−1)(pm−2+pk+d−2)pm+2d−3
(p− 1)pm−2 (pm−2−pk+d−1)(pm−2+pk+d−2)
pm+2d−3
Proof. We only give the proof of (i) since the other can be proven in a similar
manner. Denote nD = |D ∪ {0}|. We have
nD =
1
p
∑
x∈Fpm
∑
y∈Fp
ωyTr(λx
ph+1)
p
=
1
p
∑
x∈Fpm
(1 + ωTr(λx
ph+1)
p + ω
2Tr(λxp
h+1)
p + · · ·+ ω(p−1)Tr(λx
ph+1)
p )
=pm−1 +
1
p
(Sh(λ, 0) + Sh(2λ, 0) + · · ·+ Sh((p− 1)λ, 0)).
Note that kd is odd and λ
pm−1
pd+1 = (−1) kd . It then follows from Lemma 3.4 that
n = nD − 1 = pm−1 + (p− 1)pk+d−1 − 1.
Note that the Hamming weight wt(ca) is nD −Na, where
Na = |{x ∈ Fpm : Tr(λxp
h+1) = 0 and Tr(ax) = 0}|
for each a ∈ F∗pm . We have
Na =
1
p2
∑
x∈Fpm
(
∑
y∈Fp
ωyTr(λx
ph+1)
p )(
∑
z∈Fp
ωzTr(ax)p )
=pm−2 +
1
p2
(
∑
y∈F∗p
∑
x∈Fpm
ωyTr(λx
ph+1)
p ) +
1
p2
∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fpm
ωTr(yλx
ph+1+zax)
p .
=pm−2 +
1
p2
(
∑
y∈F∗p
Sh(yλ, 0)) +
1
p2
∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fpm
ωTr(yλx
ph+1+zax)
p .(3.5)
It follows from Lemmas 3.4 and 3.5 that
Na ∈ {pm−2 + (p− 1)pk+d−2, pm−2 + (p− 1)2pk+d−2, pm−2}.
Hence, for any a ∈ F∗pm , the weight of codeword ca is given by
wt(ca) = {(p−1)pm−2, (p−1)pm−2+(p−1)2pk+d−2, (p−1)pm−2+p(p−1)pk+d−2}
and the code CD has three nonzero weights above. Since m > 4, wt(ca) > 0 for
each a ∈ F∗3m . Therefore, the dimension of the code is m.
Since 0 /∈ D, the minimum distance of C⊥D cannot be one. Note that Tr(λ(cx)p
h+1) =
0 for all c ∈ F∗p if Tr(λxp
h+1) = 0. Hence, the minimum distance of C⊥D is equal to
2. Moreover, we can know that the the number A⊥2 of codewords with weight 2 in
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C⊥D is
(
p−1
2
)
n. In fact, for each p− 1 distinct elements u, 2u, · · · , (p− 1)u ∈ D, we
can obtain
(
p−1
2
)
(p− 1) codewords with weight 2 in C⊥D. Define
w1 = (p−1)pm−2, w2 = (p−1)pm−2+(p−1)2pk+d−2, w3 = (p−1)pm−2+p(p−1)pk+d−2.
We now determine the number Awi of codewords with weight wi in CD. By
calculating the first three Pless Power Moments [25, p.259], we have
Aw1 +Aw2 +Aw3 = p
m − 1,
w1Aw1 + w2Aw2 + w3Aw3 = (p− 1)npm−1,
w21Aw1 + w
2
2Aw2 + w
2
3Aw3 = [(p− 1)n((p− 1)n+ 1) + 2
(
p−1
2
)
n]pm−2.
Solving the above linear equations yields the desired weight distribution. 
Example 3.7. Let m = 8 and h = 2. Let f(x) = Tr(x10). Then the code CD has
parameters [1700, 8, 972] and weight enumerator 1 + 60z972 + 6480z1134 + 20z1458.
Example 3.8. Let m = 6 and h = 1. Let α be the generator of F∗56 with α
6 +
α4 − α3 + α2 + 2 = 0. Let λ = α3. Clearly, λ 5
6
−1
6 = α7812 = −1. Let f(x) =
Tr(α3x6). Then the code CD has parameters [3624, 6, 2500] and weight enumerator
1 + 144z2500 + 15000z2900 + 480z3000.
4. Conclusion
In this paper, several classes of linear codes with two or three weights are con-
structed from some functions with low Walsh spectrum in odd characteristic, which
contain some optimal or almost optimal linear codes with parameters meeting cer-
tain bound on linear codes. The weight distributions of the these codes of this paper
are determined by analyzing Walsh spectrum of some functions. Compared with
other linear codes with two or three weights , the parameters of the linear codes
with two or three weights of this paper are different from those obtained from bent
functions in [17, 21, 32] and [40]. As applications, the two-weight codes in this
paper can be used in strongly regular graphs with the method in [3], and some of
the three-weight codes in this paper can be employed to construct secret sharing
schemes with interesting access structures and association schemes introduced in
[2].
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